Nambu-Jona-Lasinio-type models are often employed as low-energy models for the theory of the strong interaction to analyze its phase structure at finite temperature and quark chemical potential. In particular at low temperature and large chemical potential, where the application of fully firstprinciples approaches is currently difficult at best, this class of models still plays a prominent role to guide our understanding of the dynamics of dense strong-interaction matter. In this work, we consider a Fierz-complete version of the Nambu-Jona-Lasinio model with two massless quark flavors and study its renormalization group flow and fixed-point structure at leading order of the derivative expansion of the effective action. Sum rules for the various four-quark couplings then allow us to monitor the strength of the breaking of the axial UA(1) symmetry close to and above the phase boundary. We find that the dynamics in the ten-dimensional Fierz-complete space of four-quark couplings can only be reduced to a one-dimensional space associated with the scalarpseudoscalar coupling in the strict large-Nc limit. Still, the interacting fixed point associated with this one-dimensional subspace appears to govern the dynamics at small quark chemical potential even beyond the large-Nc limit. At large chemical potential, corrections beyond the large-Nc limit become important and the dynamics is dominated by diquarks, favoring the formation of a chirally symmetric diquark condensate. In this regime, our study suggests that the phase boundary is shifted to higher temperatures when a Fierz-complete set of four-quark interactions is considered.
Nambu-Jona-Lasinio-type models are often employed as low-energy models for the theory of the strong interaction to analyze its phase structure at finite temperature and quark chemical potential. In particular at low temperature and large chemical potential, where the application of fully firstprinciples approaches is currently difficult at best, this class of models still plays a prominent role to guide our understanding of the dynamics of dense strong-interaction matter. In this work, we consider a Fierz-complete version of the Nambu-Jona-Lasinio model with two massless quark flavors and study its renormalization group flow and fixed-point structure at leading order of the derivative expansion of the effective action. Sum rules for the various four-quark couplings then allow us to monitor the strength of the breaking of the axial UA(1) symmetry close to and above the phase boundary. We find that the dynamics in the ten-dimensional Fierz-complete space of four-quark couplings can only be reduced to a one-dimensional space associated with the scalarpseudoscalar coupling in the strict large-Nc limit. Still, the interacting fixed point associated with this one-dimensional subspace appears to govern the dynamics at small quark chemical potential even beyond the large-Nc limit. At large chemical potential, corrections beyond the large-Nc limit become important and the dynamics is dominated by diquarks, favoring the formation of a chirally symmetric diquark condensate. In this regime, our study suggests that the phase boundary is shifted to higher temperatures when a Fierz-complete set of four-quark interactions is considered.
I. INTRODUCTION
Despite the tremendous progress that has been made in the development of fully first-principles approaches to the theory of the strong interaction in recent years, low-energy models of the theory of the strong interaction (Quantumchromodynamics, QCD) are still considered very valuable for a variety of reasons. In particular in the high-density regime, which is at least difficult to access with lattice Monte Carlo techniques, the NambuJona-Lasinio (NJL) model and its various variations and relatives, such as quark-meson (QM) models, provide us with an insight into the rich symmetry breaking patterns that may potentially be at work in this regime. The interest in strong-interaction matter at densities beyond the nuclear saturation density is by no means academic but rather essential for our understanding of the dynamics of astrophysical objects. For example, studies of neutron stars rely on the equation of state of strong-interaction matter as input which, however, is currently plagued by significant uncertainties at least at high density, see, e.g., Ref. [1] for a recent review.
From its early days on, the NJL model -originally introduced as an effective theory to describe spontaneous symmetry breaking in particle physics based on an analogy with superconducting materials [2] -has guided our understanding of the dynamics underlying the QCD phase structure, see Refs. [3] [4] [5] [6] for reviews.
The great relevance of NJL-type model studies for our understanding of dense strong-interaction matter is undisputed. Still, it is also part of the truth that the corresponding predictions suffer from generic features of the NJL model as well as from approximations underlying these studies. First of all, it should be mentioned that NJL-type models in four space-time dimensions are nonrenormalizable, both on the perturbative as well as on the non-perturbative level (see, e.g., Refs. [7, 8] ). Therefore, the ultraviolet (UV) cutoff scale becomes a parameter of the model and, as an immediate consequence, the regularization scheme belongs to the definition of the model. In particular, this implies that a given value of the UV cutoff scale has always to be viewed against the background of the chosen regularization scheme. From a renormalization group (RG) standpoint, this scale should anyhow not be considered as an actual UV extent of the model but rather as the scale where the couplings of the model are fixed. In addition, we note that the use of socalled three-dimensional/spatial regularization schemes for studies of hot and dense matter may not be unproblematic. This issue originates from the fact that this class of schemes explicitly breaks Poincaré invariance, even at zero temperature where the model parameters are usually fixed. This may then eventually lead to spuriously emerging symmetry breaking patterns [9] .
Let us now turn to more specific aspects of NJL-type model studies. The so-called classical action underlying the latter is usually given by a kinetic term for the quarks and a set of four-quark interactions which are usually selected by a phenomenological reasoning. These interactions may be viewed as dynamically generated by quark-gluon interactions at high energy scales. In fact, two-gluon exchange diagrams do not only generate immediately a scalar-pseudoscalar four-quark self-interaction channel as mostly considered in NJL-type models, but all four-quark self-interaction channels compatible with the fundamental symmetries of QCD. From the standpoint of an RG evolution of QCD from high to low energies, the gluon-induced four-quark interactions may then become 2 strong enough to trigger spontaneous symmetry breaking at some intermediate energy scale, depending on, e.g., the temperature and the quark chemical potential. This scale may be associated with the UV cutoff scale of NJLtype models. In this spirit, we may therefore consider the general form of NJL-type models to be rooted in QCD. In practice, however, the four-quark couplings in NJLtype models are usually not fixed in this way but rather by tuning them such that the correct values of a given set of low-energy observables is reproduced at, e.g., vanishing temperature and quark chemical potential. Unfortunately, the values of the chosen set of low-energy observables may in general be reproduced by various different set of parameters. Moreover, the parameters may depend on, e.g., the temperature and the quark chemical potential as suggested by the before-mentioned RG evolution of gluon-induced four-quark interactions [10] .
From a phenomenological point of view, the four-quark interaction channels may be recast into effective bosonic degrees of freedom. In particular at large chemical potential, the effective degrees of freedom associated with the scalar-pseudoscalar channel, namely the σ-meson and the pions, are no longer expected to dominate the lowenergy physics. Here, other degrees of freedom, such as diquarks, play a dominant role, see, e.g., Refs. [4, [11] [12] [13] for reviews. Apart from this phenomenologically guided point of view, the inclusion of more than one four-quark channel is of field-theoretical relevance as a given pointlike four-quark interaction channel is reducible by means of so-called Fierz transformations. This naturally causes ambiguities in studies where the considered set of fourquark interaction channels is incomplete and also implies the necessity to use very general ansätze for the quark propagator as employed in, e.g., Dyson-Schwinger-type studies [14] . QCD low-energy model studies are in general treated in approximations which are indeed incomplete with respect to Fierz transformations. Note also that, even in studies of the conventional NJL/QM model defined with only a scalar-pseudoscalar four-quark interaction channel other four-quark channels are dynamically generated due to quantum fluctuations.
By considering an NJL model with a single fermion species in Ref. [9] , we have demonstrated that Fierzcompleteness as associated with the inclusion of more "exotic" four-fermion channels does not only play a prominent role at large chemical potential but also affect the dynamics at small chemical potential. The latter is illustrated by a significant dependence of the curvature of the finite-temperature phase boundary at small chemical potential on the number of four-fermion channels included in the calculations. In the present work, which is a sequel of Ref. [9] , we now extend our analysis to an NJL model with massless quark flavors coming in N c colors and two flavors to gain a better understanding of how Fierz-incomplete approximations of QCD lowenergy models affect the predictions for the phase structure at finite temperature and density. In particular, we take into account the explicit symmetry breaking arising from the presence of a heat bath and the chemical potential in our present study anchored at the leading order of the derivative expansion of the effective action. Within our Fierz-complete framework including ten four-quark channels, we observe that channels associated with an explicit breaking of Poincaré invariance tend to increase significantly the critical temperature at large chemical potential. In accordance with many conventional model studies (see, e.g., Refs. [4, 5, 12, 13] for reviews), diquarks are nevertheless found to be the most dominant degrees of freedom in this regime.
In Sec. II, we discuss our model and aspects of symmetries which are relevant for our present analysis. Whereas the number of colors N c is a free parameter in this more general discussion, we emphasize that we exclusively consider N c = 3 in all numerical studies in this work. Our RG framework is introduced in Sec. III. However, since this work is a sequel of Ref. [9] , where also the theoretical setting underlying our present analysis has been thoroughly discussed, we refrain here from a presentation of details regarding our RG framework. The RG fixed-point and phase structure of our model at finite temperature and density at leading order of the derivative expansion of the effective action is analyzed in Sec. IV where we begin with a discussion of the relation of the mean-field approximation and an RG study of four-quark interactions in a one-channel approximation in Subsec. IV A The actual analysis of the fixed-point and phase structure of our Fierz-complete NJL-type model can be found in Subsecs. IV B -IV E. The symmetry breaking patterns are discussed in Subsec. IV B. The effect of U A (1) breaking and its fate at high temperature is analyzed in Subsec. IV C. In order to gain a better understanding of the mechanisms underlying symmetry breaking at finite temperature and density in our Fierz-complete study involving ten four-quark interaction channels, we then discuss the RG flow of the Fierz-complete system in the large-N c limit in Subsec. IV D. In Subsec. IV E, we finally analyze the dynamics of the Fierz-complete system with the aid of a two-channel approximation which is composed of the before-mentioned scalar-pseudoscalar channel and a diquark channel often employed in conventional NJL model studies. There, we also comment on the effect of Fierz-incomplete approximations on the curvature of the finite-temperature phase boundary at small chemical potential. Our conclusions can be found in Sec. V.
II. MODEL
A frequently employed approximation in terms of NJLtype models is to consider an action which only consists of a kinetic term for the quarks and a scalar-pseudoscalar four-quark interaction channel. By means of a HubbardStratonovich transformation, auxiliary fields can be introduced and the four-quark interaction channel is converted into a (screening) mass term for the auxiliary fields and a Yukawa interaction channel between the latter and the quarks. Conventionally, the auxiliary fields are chosen to carry the quantum numbers of the σ-meson and the pions in case of the scalar-pseudoscalar four-quark interaction channel. The interactions between the quarks are then said to be mediated by an exchange of the beforementioned mesons. For a study of chiral symmetry breaking this choice for the auxiliary fields is particularly convenient because it allows for a straightforward projection on the chiral order parameter. In this work, however, we shall consider a purely fermionic formulation of the NJL model with massless quarks coming in two flavors and N c colors, aiming at an analysis of the effect of Fierzincomplete approximations on the phase structure at finite temperature and density in QCD low-energy model studies. In order to relate our work to the latter studies, we start our discussion by considering a so-called classical action S which essentially consists of a kinetic term for the quarks and a scalar-pseudoscalar four-quark interaction channel in four Euclidean space-time dimensions:
Here, β = 1/T is the inverse temperature, µ is the quark chemical potential, andλ (σ-π) is the coupling associated with the scalar-pseudoscalar channel. The τ i 's represent the Pauli matrices and couple the spinors in flavor space. Note that the quark fields ψ carry Dirac, color, and flavor indices. In the following, they are assumed to be contracted pairwise, e.g. (ψOψ) ≡ψ χ O χξ ψ ξ , where ξ and χ represent collective indices for the Dirac, flavor and color indices and O represents an operator specifying the properties of the interaction channel. Suitable insertions of 1-operators in Dirac, color, and flavor space are tacitly assumed. Let us begin our symmetry analysis by noting that the action (1) is invariant under (global) SU (N c ) color rotations of the quark fields. As we do not allow for an explicit quark mass term, we also have an invariance under (independent) global flavor rotations of the left-and right-handed quark fields,
The spontaneous breakdown of this so-called chiral symmetry is associated with the formation of a corresponding chiral condensate ψ ψ rendering the quarks massive.
The action (1) is also invariant under simple global phase transformations,
but is not invariant under axial phase transformations:
In both cases, α denotes the "rotation" angle. Note that, in contrast to the case of a single fermion species, i.e. the case of one color and one flavor, a broken U A (1) symmetry does not necessarily entail the existence of a finite expectation value ψ ψ as associated with spontaneous chiral symmetry breaking. However, the spontaneous breakdown of the chiral symmetry also entails the breakdown of the U A (1) symmetry [15] . In nature, it turns out that the U A (1) symmetry is not realized but anomalously broken by topologically non-trivial gauge configurations [16, 17] , even if the chiral SU L (2) ⊗ SU R (2) is restored. This absence of U A (1) symmetry may be deduced from the fact that we do not observe parity doubling of hadronic states [18] , at least at low energies. In any case, in the action (1), we can artificially restore the U A (1) symmetry by adding an additional four-quark channel,
provided that the coupling associated with this channel is adjusted suitably relative to the couplingλ (σ-π) of the scalar-pseudoscalar channel, see also Ref. [3] . 1 Indeed, the topologically non-trivial gauge configurations violating the U A (1) symmetry can be recast into a four-quark interaction channel of the form (4) in the case of twoflavor QCD [17, [19] [20] [21] [22] . We shall come back to the issue of U A (1) symmetry breaking below.
Apart from the chiral symmetry and the U A (1) symmetry, the U V (1) symmetry associated with baryon number conservation may also be spontaneously broken. In contrast to chiral symmetry breaking, this is indicated by the formation of, e.g., a diquark condensate δ a carrying a net baryon and net color charge:
Here
are antisymmetric tensors in flavor and color space, respectively. Moreover, we have introduced charge conjugated fields ψ C = Cψ T andψ C = ψ T C with C = iγ 2 γ 0 being related to the charge conjugation operator.
The diquark condensate δ a is a state with J P = 0 + and has been found to be most dominantly generated by one-gluon exchange [23] and topologically non-trivial gauge configurations [23, 24] , see also Refs. [12, 21, 25] for reviews. The flavor antisymmetric structure of this color-superconducting condensate corresponds to a singlet representation of the global chiral group which implies that the formation of such a condensate does not violate the chiral symmetry of the theory [26] . Note that this is different in QED-like theories where the formation of a superconducting ground state also requires the chiral symmetry to be broken, see, e.g., Ref. [9] . Instead, the formation of the before-mentioned color-superconducting condensate δ a in QCD comes at the price of a broken SU (N c ) color symmetry.
In addition to the breaking of the before-mentioned symmetries, we have to deal with the explicit breaking of Poincaré invariance in our calculations because of the 4 presence of a heat bath and a finite quark chemical potential. This implies that the Euclidean time direction is distinguished and we are only left with rotational invariance among the spatial components. With respect to the fundamental symmetries associated with charge conjugation, time reversal, and parity, we add that only invariance under parity transformations and time reversal transformations remain intact in the presence of a finite quark chemical potential as the latter also breaks explicitly the charge conjugation symmetry.
Let us now discuss the general form of the quantum effective action Γ of our model at leading order of the derivative expansion. Our symmetry considerations constrain the classical action of the model underlying our studies. The latter action may be considered as the zeroth-order approximation of the corresponding quantum effective action Γ. The full quantum effective action is obtained from the path integral associated with the classical action by means of a Legendre transformation. By computing the quantum corrections to the classical action (1), we immediately observe that four-quark channels other than the scalar-pseudoscalar channel are generated. In fact, any operator respecting the symmetries of our model can in principle be generated. Structuring our calculations by means of a derivative expansion, we find that, at leading order (LO), the most general ansatz for the effective average action compatible with the symmetries of the theory reads
where the elements L j form a ten-component Fierzcomplete basis B of pointlike four-quark interactions accompanied by the associated bare couplingsλ i and the corresponding vertex renormalizations Z j . 3 Any other pointlike four-quark interaction invariant under the symmetries of our model is indeed reducible by means of Fierz transformations. 4 Recall that we assume here that the U A (1) symmetry is broken explicitly, see below for a detailed discussion of this issue. The renormalization 2 Quark self-interactions of higher order are also generated dynamically but, at leading order of the derivative expansion, they do not contribute to the RG flow of the four-quark self-interactions and are therefore not included in our present study. 3 The leading order of the derivative expansion implies that the four-quark self-interactions are treated in the pointlike limit. 4 The couplingsλ j appearing in the effective action (6) should not be confused with the couplingsλ j appearing in the classical action S, see, e.g., Eq. (1). The couplings appearing in the effective action include quantum corrections whereas, from an RG standpoint, the couplings appearing in the classical action only determine the values of the RG flows of the four-quark couplings at the initial scale Λ.
factors associated with the kinetic term are given by Z and Z ⊥ , respectively. In the following we set Z = Z ⊥ ≡ 1 as the RG flow of these quantities vanishes identically at leading order of the derivative expansion, see Ref. [7] . In general, the chemical potential is also accompanied by a renormalization factor Z µ . As a consequence of the so-called Silver-Blaze property of general quantum field theories [27] [28] [29] , however, we have Z
at T = 0, provided that the renormalized chemical potential µ r ≡ Z µ µ is smaller than the dynamically generated renormalized (pole) massm q =m q /Z ⊥ of the quarks [9] . Now we specify the Fierz-complete basis of pointlike four-quark interactions which we use to parametrize the effective action (6). As indicated above, we find that this basis is composed of ten four-quark channels. We choose six of them to be invariant under
The remaining four channels are then chosen to be in-
transformations but break the U A (1) symmetry explicitly:
where, e.g., ψ γ 5 τ i ψ 2 ≡ ψ γ 5 τ i ψ ψ γ 5 τ i ψ and the T a 's denote the generators of SU (N c ). Note that this basis is not unique. In principle, we can combine elements of the basis to perform a basis transformation. Our present choice is motivated by the four-quark channels conventionally employed in QCD low-energy models. Apparently, the scalar-pseudoscalar channel appearing in Eq. (1) is given by the channel L (σ-π) . A channel of the form of Eq. (4) is associated with the presence of topologically non-trivial gauge configurations and is given by the channel L (S+P )− up to a numerical constant. There is also a channel associated with the formation of a diquark condensate of the type (5) in our basis. In fact, taking into account that such a condensate leaves the chiral symmetry intact, the corresponding four-quark channel L csc can be constructed from the tensor structure of the condensate (5). Our conventions in Eq. (15) are such that we only sum over the antisymmetric (A) generators of the SU (N c ) color group. The normalization of this channel is chosen as in the standard literature (see, e.g., Ref. [4] 
The formation of a diquark condensate then goes along with the breakdown of the U V (1) symmetry as well as the SU (N c ) color symmetry. Finally, we add that the channel (16) may be viewed as a counterpart of the channel L (S+P )− with a non-trivial color structure.
It is worth pointing out that our Fierz-complete set of pointlike four-quark interactions allows us to monitor U A (1) symmetry breaking. Indeed, by requiring that the effective action Γ is invariant under U A (1) transformations, we find the following two sum rules for the four pointlike couplings violating the U A (1) symmetry:
These two sum rules are only fulfilled simultaneously if the U A (1) symmetry of the theory is intact. For example, choosing only the scalar-pseudoscalar couplingλ (σ-π) to be finite in the classical action (1), we find that the U A (1) symmetry is violated. This symmetry is only found to be approximately restored on the quantum level at high temperatures, see our discussion in Subsec. IV C. From the sum rules (17) and (18), we deduce that the four-dimensional space spanned by the U A (1)-violating channels contains a U A (1)-symmetric subspace. In particular, the two sum rules imply that a Fierz-complete basis of pointlike four-quark interactions in case of a the-
transformations is composed of eight channels. Before we actually analyze the fixed-point and phase structure of our model at finite temperature and quark chemical potential, we briefly discuss our RG framework. A detailed discussion of the latter can be found in Ref. [9] to which this work is a sequel. Moreover, we also give only a brief discussion of how a study of the quantum effective action (6) at leading order in the derivative expansion can give us access to the phase structure. A detailed discussion of this issue is also given in Refs. [7, 9] . We begin our discussion by noting that the four-quark vertex is treated in the so-called pointlike limit at leading order of the derivative expansion, i.e. in the limit of vanishing external momenta. It is then clear that the mass spectrum encoded in the momentum structure of, e.g., the general four-quark vertex cannot be accessed at this order. In particular, the dynamics of regimes governed by the spontaneous formation of condensates is not accessible at this order. In fact, the formation of such condensates is indicated by singularities in the four-quark correlation functions. Nevertheless, the effective action (6) at leading order in the derivative expansion still allows us to study regimes which are not governed by condensate formation, e.g. the high-temperature regime. For a given value of the quark chemical potential, we can therefore use the leading order of the derivative expansion to determine a critical temperature T cr below which the pointlike approximation breaks down and a (fermion) condensate associated with the spontaneous breakdown of one of the symmetries of our model is expected to be generated dynamically. This can also be understood from the standpoint of a Hubbard-Stratonovich-transformation [30] . Using such a transformation, we can reformulate our purely fermionic action in terms of quark fields and auxiliary bosonic fields (composites of two fermion fields, e.g. pionlike field or diquark-like field) coupled via Yukawa-type interactions. Such a reformulation eventually allows to compute conveniently the Ginzburg-Landau-type effective potential for the bosonic fields. The transformation properties of the latter depend on the tensor structure of the corresponding four-quark channel. Now in case of a second-order phase transition, the sign of at least one of the terms bilinear in the bosonic fields appearing in the Ginzburg-Landau-type effective potential changes. At a first-order phase transition, the situation is different. Still, taking into account all quantum fluctuations, the Ginzburg-Landau-type effective potential becomes also convex in this case, implying that at least one of the mass-like parameters associated with the terms bilinear in the bosonic fields tends to zero in the long-range limit. Since the pointlike four-quark couplings are found to be inverse proportional to the mass-like parameters associated with the bosonic fields, a diverging four-quark coupling in the purely fermionic formulation indicates the onset of spontaneous symmetry breaking.
With respect to the RG analysis underlying the present work, these considerations imply that the observation of a divergence of a four-quark coupling at an RG scale k cr can be used as an indicator for the onset of spontaneous symmetry breaking. Such an analysis has indeed been successfully applied to compute the phase structure of various systems including gauge theories with many flavors [31] , see Ref. [7] for a review. However, it should also be noted that this type of analysis is limited.
6 For 6 example, it does not allow us to resolve the order of a phase transition. Moreover, the phenomenological meaning of a critical temperature obtained from such an analysis is potentially ambiguous. Different symmetry breaking patterns associated with the various four-quark channels exist in our model. Therefore it is at least difficult to relate the breakdown of the pointlike approximation to the spontaneous breakdown of a specific symmetry, even more so since a divergence in a specific four-quark channel entails corresponding divergences in all other channels. However, a "dominantly diverging" four-quark channel can in general be identified, i.e. the modulus of the coupling of this channel is greater than the ones of the other four-quark couplings. Of course, this does not necessarily imply that a condensate associated with this channel is generated. It should only be viewed as an indicator for the symmetry breaking scenario at work. In Sec. IV, we present an analysis of the "hierarchy" of the various four-quark interactions in terms of their strength and show that our "criterion of dominance" is at least in accordance with the simplest phenomenological expectation of the symmetry breaking patterns at work at small and large chemical potential [4] . We have checked that our results from such an analysis are not altered when we rescale the channels (7)- (16) 
with factors of O(1).
For the computation of the RG flows of the four-quark couplings, we employ the Wetterich equation [32] which is an RG equation for the quantum effective action Γ. Within this framework, the effective action Γ depends on the RG scale k which is related to the RG "time" t = ln(k/Λ). Here, the scale k defines an infrared (IR) cutoff scale and Λ may be chosen to be the scale at which we fix the initial conditions of the RG flow of the effective action. In this RG approach, the Wilsonian momentum-shell integrations are specified by the regularization sheme which is encoded in form of a so-called regulator function. Following Ref. [9] , we employ here a so-called four-dimensional Fermi-surface adapted regularization scheme which becomes manifestly covariant in the limit T → 0 and µ → 0, see also App. A.
In general, we then find that the RG flow of the four-quark couplings is governed by two classes 7 of oneparticle irreducible (1PI) diagrams, see Fig. 1 . These diagrams can be recast into so-called threshold functions which describe the decoupling of massive modes and modes in a thermal and/or dense medium. The definitions of these functions can be found in Ref. [9] .
B. Scale-fixing procedure
Let us now give a detailed discussion of the scale-fixing procedure underlying our calculations in this work. The 7 The two classes contain diagrams which are associated with contributions longitudinal and transversal to the heat bath. values of the ten four-quark couplings at the initial RG scale k = Λ can be considered as free parameters of our model. To pin them down, let us consider RG studies of QCD where the strengths of pointlike gluon-induced four-quark interactions have been analyzed in detail in the vacuum limit within a Fierz-complete setting [33] [34] [35] . There, it was found that the scalar-pseudoscalar channel L (σ-π) is generated predominantly at high momentum scales p ∼ k. Moreover, it was found that this channel remains to be the most dominant one over a wide range of scales down to k 1 GeV, i.e. the modulus of any other four-quark coupling remains smaller than the one of the scalar-pseudoscalar coupling. With respect to our present study, it is also reasonable to expect that effects associated with an explicit breaking of Poincaré and C invariance are subleading as long as T /k 1 and µ/k 1. In the light of these facts, we only choose the scalar-pseudoscalar couplingλ (σ-π) to be finite at the initial RG scale Λ and set all other four-quark couplings to zero. Thus, at the initial scale, we are left with the action S given in Eq. (1), Γ k=Λ = S. This implies that we assume the U A (1) symmetry to be broken explicitly at the initial RG scale. 8 Clearly, these considerations do not represent a rigorous determination of the initial conditions of our NJL-type model from QCD, which would require the dynamical inclusion of gauge degrees of freedom in an RG study [31, 33, 34, 36] , but rather serve as a motivation for our scale-fixing procedure below.
The initial condition of the remaining coupling, the scalar-pseudoscalar couplingλ (σ-π) , can be fixed in different ways. For example, we may tune it in the vacuum limit such that the resulting symmetry breaking scale k cr leads to a given value for the critical temperature at vanishing chemical potential [9] . In the following, however, we employ a different procedure which exploits the meanfield gap equation for the chiral order-parameter field in a scalar-pseudoscalar one-channel approximation. To be more specific, performing a Hubbard-Stratonovich transformation of the path integral defined by the action (1) 7 and integrating out the quark degrees of freedom subsequently, we arrive at a path integral over the auxiliary fields σ ∼ (ψψ) and π ∼ (ψγ 5 τ ψ), respectively. From an evaluation of the latter in the mean-field approximation, we then obtain the following implicit equation for the constituent quark massm
where λ
is a dimensionless functional of the regularization scheme since J is not only a function ofm q but also a functional of the so-called regulator shape function r ψ specifying the regularization scheme:
see also Ref. [7] for details. Diagrammatically, this integral is associated with a purely fermionic loop integral evaluated at vanishing external momenta. 10 The parameter Λ may be considered a UV cutoff scale for the loopmomentum integral. However, from our RG standpoint, it should be rather associated with the initial RG scale at which we fix the initial conditions of the four-quark couplings in our RG study below.
For a given regularization scheme, the functional λ * (σ-π)
determines the critical value of the four-quark coupling above which the ground state is governed by a finite vacuum expectation value σ = 0. We find
Thus, we havem q > 0 for λ
2 /N c for the four-dimensional sharp cutoff often employed in mean-field calculations and λ * (σ-π) = 4π 2 /N c for the Litim regulator [37] . From here on, however, we shall employ the same scheme as in our studies of the RG flow of four-quark couplings to ensure comparability, see App. A for details. For this scheme, we find λ *
In any case, we deduce from Eq. (19) that the actual value of λ * (σ-π) is of no importance. For a given regularization scheme together with a specific choice for the UV scale Λ, the quark massm q only depends on the 9 From now on, we identifyλ
with the value of the couplingλ (σ-π) appearing in the classical action since the latter determines the value of this coupling at the UV scale Λ in our RG study below. 10 Loosely speaking, the loop integral corresponds to the diagram shown in the left panel of Fig. 1 with amputated external fermionic legs.
"strength" ∆λ (σ-π) of the scalar-pseudoscalar coupling relative to its critical value for chiral symmetry breaking:
In the following, we shall fix the scale in our studies by settingm q ≈ 0.300 GeV for the constituent quark mass in order to relate our model study to QCD. In terms of the scalar-pseudoscalar coupling, this choice corresponds to ∆λ (σ-π) ≈ 0.234 for Λ/m q ≈ 10/3. From this discussion it follows immediately that a specific choice for ∆λ (σ-π) also determines the sign of the curvaturem 2 of the order-parameter potential U at the origin. Indeed, we havē
implying that, at the "critical point" ∆λ (σ-π) = 0, the curvaturem 2 of the order-parameter potential changes its sign. From the underlying Hubbard-Stratonovich transformation, we deduce that the renormalized scalarpseudoscalar couplingλ (σ-π) is inverse proportional to the curvaturem 2 :
Thus, the scalar-pseudoscalar four-quark coupling diverges at the "critical point" ∆λ (σ-π) = 0. As discussed on more general grounds in Subsec. III A, these observations regarding the critical behavior and the formation of a non-trivial ground state can be carried over to studies of the RG flow of four-quark interactions, even beyond the mean-field limit. We refer the reader to Ref. [7] for a corresponding detailed discussion where it has also been shown that the value of λ * (σ-π)
in the mean-field approximation is indeed nothing but the value of the non-Gaußian fixed-point of the scalarpseudoscalar coupling in the large-N c limit. Thus, this non-Gaußian fixed-point separates a regime governed by a trivial ground state from one governed by spontaneous symmetry breaking. Let us now exploit the relation between the orderparameter potential and the RG flow of four-quark couplings to fix the scale in our study of the phase diagram below. To be specific, we first consider the flow equation for the dimensionless scale-dependent renormalized scalar-pseudoscalar coupling
2 in the one-channel approximation at T = µ = 0:
Here, we have employed the regularization scheme defined in App. A which is identical to the well-known fourdimensional exponential scheme in the vacuum limit [38, 8 39 ], see Ref. [40] for a detailed discussion of regularization schemes in RG studies. The flow equation (25) has been extracted from the set of equations for the Fierz-complete basis of four-quark interactions given in App. B by setting all couplings but the scalar-pseudoscalar coupling to zero and also dropping their flow equations. Note that, because of the Fierz ambiguity, the flow equation (25) is ambiguous in the sense that the prefactor of the term quadratic in the four-quark coupling is not unique. The flow equation (25) has two fixed points: a Gaußian fixed point and the before-mentioned non-Gaußian fixed point λ *
Thus, the value of the non-Gaußian fixed point indeed agrees with the critical value of the scalar-pseudoscalar coupling in the mean-field approximation for N c 1. Again, with respect to the question of the formation of a non-trivial ground state, the actual value of the nonGaußian fixed point is of no importance, only the value of the scalar-pseudoscalar coupling at the initial RG scale Λ relative to the value of the non-Gaußian fixed point matters. Choosing λ
, we find that the scalarpseudoscalar coupling diverges at a finite scale k cr ,
indicating the onset of chiral symmetry breaking, i.e. the curvature of the order-parameter at the origin changes its sign at this so-called chiral symmetry breaking scale k cr . This scale sets the scale for the (chiral) low-energy observables, such as the constituent quark massm q ∼ k cr . Using the relation (27), we can compute the value of the chiral symmetry breaking scale in the mean-field approximation. Using ∆λ ≈ 0.234 extracted from the mean-field calculation above form q ≈ 0.300 GeV and Λ/m q ≈ 10/3, we obtain k 0 /m q ≡ k cr /m q ≈ 1.613, where k 0 serves as a reference scale in the remainder of this work. At first glance, it seems that Eq. (27) defining k cr implies that the low-energy dynamics is independent of the combinatoric prefactor of the term quadratic in the fourquark coupling in Eq. (25) . However, this turns out to be too naive. A closer look reveals that the contribution ∼ 1/N c is related to quantum corrections to the Yukawa coupling in a partially bosonized formulation of our model [7, 41] . In a study of the partially bosonized formulation, these corrections therefore yield 1/N c -corrections to the critical scale k cr . Moreover, it should be noted that order-parameter fluctuations, which are nothing but 1/N c -corrections, tend to restore the chiral symmetry in the infrared limit, thereby lowering the value of the critical temperature compared to its value in the large-N c approximation (see, e.g., Ref. [42] ).
At the order of the derivative expansion considered in this work, we do not have access to low-energy observables such as the constituent quark mass, see our discussion in Subsec. III A. Therefore, we exploit the relation between the chiral order-parameter potential in the mean-field approximation and the RG flow of the corresponding scalar-pseudoscalar coupling to fix the scale in our calculations. In all our studies of the phase diagram presented below, we shall set all four-quark couplings to zero at the initial RG scale Λ except for the scalar-pseudoscalar coupling λ (σ-π) . The latter is tuned at this scale such that, at T = µ = 0, we obtain k cr = k 0 , i.e. the value of the critical scale is always tuned to agree identically with its value in the mean-field approximation. This ensures comparability between the results of our studies from different approximations. Moreover, since k 0 is directly related to the constituent quark mass in the mean-field approximation, k 0 /m q ≈ 1.613, this allows at least for a rough translation of our results for the phase transition temperatures as obtained from, e.g., our Fierz-complete set of flow equations into physical units. Of course, such a translation is only approximative. We always have to keep in mind that the use of the same value for k 0 in different approximations may not necessarily translate into the same value for the lowenergy observables, such as the constituent quark mass. In any case, considering the critical temperature at µ = 0 as an example for an low-energy observable being sensitive to the vacuum constituent quark mass and also accessible within our framework, we find that this quantity does not depend strongly on our approximations associated with different numbers of four-quark channels. This observation may be traced back to the fact that we find the scalar-pseudoscalar channel to be most dominant at µ = 0, therefore governing the low-energy dynamics in this regime, see our discussion below.
IV. FIXED POINTS AND PHASE STRUCTURE
A. Mean-field and one-channel approximation Let us now study the phase diagram in the plane spanned by the temperature and quark chemical potential for an approximation in which we only take into account the scalar-pseudoscalar four-quark coupling. The flow equation of the latter reads: (28) where
Here and in the following, we do not take into account the renormalization of the chemical potential and set Z µ = 1. The definitions of the so-called threshold functions also mentioned in Subsec. III A can be found in Ref. [9] . The ones appearing in Eq. (28) are associated with the loop integral depicted in the left panel of Fig. 1 . As done for Eq. (25), we have extracted the flow equation (28) from the set of equations for the Fierz-complete basis of four-quark interactions given in App. B by setting all but the scalar-pseudoscalar coupling to zero and also dropping their RG flow equations.
In
for T → 0 and µ → 0, see Ref. [9] . The flow equation (28) can be solved analytically, even at finite temperature and quark chemical potential [9] . The solution can then be employed to compute the critical temperature T cr = T cr (µ) as a function of the quark chemical potential µ. The latter is defined as the temperature at which the scalar-pseudoscalar four-quark coupling still diverges at k → 0:
i.e. it is defined as the highest temperature for which the four-quark coupling still diverges. For our studies with more than one channel, this definition can be generalized straightforwardly. The critical temperature is then defined to be the temperature at which the four-quark couplings diverge. Note that a divergence in one channel at a scale k cr (T, µ) entails corresponding divergences in all the other channels at the same scale. However, the associated four-quark couplings in general have a different strength relative to each other, see, e.g., Subsec. IV B below and also Ref. [9] for a detailed discussion.
With the definition (30), we obtain the following implicit equation for the critical temperature T cr :
For convenience, we have introduced the following dimensionless auxiliary function:
where τ = T /k . Apparently, the critical temperature T cr depends on our choice for the UV scale Λ as well as the scale k 0 , i.e. eventually on the constituent quark mass in the vacuum limit. Recall that the scale k 0 is directly related to the initial condition for the scalar-pseudoscalar fourquark coupling which we keep fixed to the same value for all temperatures and chemical potentials. In the following, we shall therefore measure all physical observables in units of k 0 .
In Fig. 2 , we show the critical temperature as a function of the quark chemical potential for the one-channel approximation (gray line) as obtained from a solution of Eq. (31). For µ = 0, we obtain T cr /k 0 ≈ 0.390 (T cr ≈ 0.190 GeV). For increasing µ, the critical temperature then decreases monotonously and eventually vanishes at µ/k 0 = µ cr /k 0 ≈ 1.14 (µ cr ≈ 0.552 GeV).
We emphasize again that our definition of the critical temperature is associated with a sign change of the chiral order-parameter potential at the origin. In our present approximation, our result for T cr (µ) therefore only describes the phase boundary in case of a secondorder transition. Our criterion is not sensitive to a firstorder transition. However, it allows to detect the line of metastability separating a regime associated with a negative curvature of the order-parameter potential at the origin (e.g. at low temperature and small quark chemical potential) from a regime where the curvature changes its sign but the true ground state is still assumed for a finite expectation value of the order-parameter field. Such lines of metastability usually emerge in the vicinity of a firstorder transition. In particular, for a given temperature, the chemical potential associated with the emergence of a metastable state at the origin of the potential is less or equal than the chemical potential of the associated first-order transition. It is instructive to compare the results for the phase boundary from our RG study with those obtained from a solution of the mean-field gap equation (19) .
11 To ensure comparability, we employ of course the same regularization scheme as in our RG study. We then find that the phase transition line from our RG study agrees identically with the second-order phase transition line of the mean-field study up to a first-order endpoint at (µ/k 0 , T /k 0 ) ≈ (0.951, 0.207). As expected, beyond this point, the phase transition line obtained from our RG study agrees identically with the line of metastability in the mean-field phase diagram. The comparatively large extent of the phase boundary in µ-direction Figure 3 . (color online) Renormalized (dimensionful) fourquark couplings as a function of the RG scale k at T = 0 and µ = 0 as obtained from our Fierz-complete study. Note that the Fierz-complete basis is effectively composed of only six channels in the vacuum limit since C invariance is intact and the Euclidean time direction is not distinguished. In particular, we haveλ (V +A)
can be traced back to the comparatively large σ-meson massm σ /m q ≈ 2.67 (m σ ≈ 0.800 GeV) found in the vacuum limit of our mean-field calculation for the employed set of parameters, i.e. ∆λ (σ-π) and Λ. 12 In fact, it has already been found in previous mean-field calculations that the critical point separating a first-order phase transition line from a second-order phase transition line can be shifted continuously to larger values of the quark chemical potential by increasing the mass of the σ-meson [43] . Even more, it can even be made disappear, leaving us with only a second-order transition line. Note that this highlights the strong scheme dependence as the σ-mass can be tuned by suitable variations of the constituent quark mass and the UV cutoff Λ. Since the actual value of the latter should always be viewed against the background of the employed regularization scheme, the scheme unavoidably belongs to the definition of the model, at least in four Euclidean space-time dimensions. Of course, we could also use smaller values for Λ which would lead to a smaller mass of the σ-meson. However, this then leads to strong "cutoff effects" as both the temperatures as well as the quark chemical potentials considered in this work would then be of the order of the UV scale Λ. In order to at least suppress such unwanted effects, we have chosen Λ/k 0 ≈ 2.07.
B. Symmetry breaking patterns and Fierz completeness
Let us now analyze the phase diagram as obtained from an RG flow study of the Fierz-complete set of four-quark interactions, see App. B for the RG flow equations. Such an analysis goes well beyond studies in the mean-field limit. Indeed, mean-field studies of NJL-type low-energy models have been found to exhibit a residual ambiguity related to the possibility to perform Fierz transformations, even if a Fierz-complete set of four-quark interactions is taken into account [44] , see also Ref. [45] for an introduction. Results from mean-field calculations therefore potentially depend on an unphysical parameter which reflects the actual choice of the mean field in the various channels.
As discussed above, we fix the scale in our Fierz-complete studies by setting all but the scalarpseudoscalar coupling to zero at the initial RG scale Λ. The latter is tuned at T = µ = 0 such that the critical scale k 0 associated with diverging four-quark couplings agrees identically with its counterpart in the mean-field calculation. For our calculations at finite temperature and/or quark chemical potential, we then use the same set of initial conditions as in the vacuum limit, i.e. at T = µ = 0. The scale dependence of the (dimensionful) renormalized four-quark couplings at T = µ = 0 is shown in Fig. 3 . We observe that the dynamics of the theory in this case is clearly dominated by the scalar-pseudoscalar interaction channel; the modulus of all other couplings is at least one order of magnitude smaller than the modulus of the scalar-pseudoscalar coupling. The dominance of this channel may indicate that the ground state in the vacuum limit is governed by chiral symmetry breaking. However, we emphasize again that such an analysis based on the strength of four-quark interactions has to be taken with some care: It neither rules out the possible formation of other condensates associated with subdominant channels nor proves the formation of a condensate associated with the most dominant channel. Such an analysis can only yield indications for the actual structure of the ground state, see Ref. [9] for a detailed discussion.
In the vacuum limit, the observation of the dominance of the scalar-pseudoscalar channel may be considered trivial as it may be exclusively triggered by our choice for the initial conditions. Increasing now the temperature at vanishing quark chemical potential, we still observe a dominance of the scalar-pseudoscalar channel which persists even up to high temperatures beyond the critical temperature T cr (µ = 0)/k 0 ≈ 0.391. This is illustrated in the left panel of Fig. 4 where the scale dependence of the various four-quark couplings is shown for T T cr (µ = 0) at µ = 0. At least in units of k 0 , it also appears that the critical temperature at µ = 0 in our Fierz-complete study agrees very well with the one from the one-channel approximation. However, we note that this could be misleading as choosing the same value for k 0 in our Fierz-complete study and in our one-channel approximation may not necessarily lead to the same values of the low-energy observables (e.g. the constituent quark mass), although the flow in the vacuum limit is also strongly dominated by the scalar-pseudoscalar channel in the Fierz-complete analysis. Thus, direct quantitative comparisons of the results from our various different approximations should be taken with care. Still, we expect that qualitative comparisons are meaningful. Following now the critical temperature T cr as a function of µ starting from µ = 0, we find that the scalarpseudoscalar channel continues to dominate the dynamics up to µ/k 0 = µ χ /k 0 ≈ 0.734, as depicted by the blue solid line in Fig. 2 . In this regime, we also observe that the phase transition temperatures from our one-channel approximation agree almost identically with those from the Fierz-complete study, at least in units of the vacuum symmetry breaking scale k 0 .
13 At first glance, this may come as a surprise. We shall therefore analyze this observation in detail in Subsec. IV D below. Following the phase transition line beyond the point associated with the quark chemical potential µ χ , we find that the dynamics is now clearly and exclusively dominated by the CSC (color superconducting) channel associated with the emergence of a diquark condensate δ a and a corresponding gap in the quark propagator, see blue dashed line in Fig. 2 . Exemplary, this change in the "hierarchy" of the channels is illustrated in the right panel of Fig. 4 where the scale dependence of the various four-quark couplings is shown for µ/k 0 ≈ 1.1 and T /k 0 T cr (µ)/k 0 ≈ 0.196. We emphasize that this change in the "hierarchy" of the channels is non-trivial as it is fully triggered by the dynamics of the system when the quark chemical potential is increased. There is no fine-tuning of, e.g., the CSC coupling involved. Recall that we use identical initial conditions in the vacuum limit as well as at finite temperature and/or quark chemical potential. 13 Note that µχ/k 0 ≈ 0.734 roughly corresponds to µχ/mq ≈ 1.18 in our mean-field approximation, wheremq ≈ 0.3 GeV.
C. UA(1) symmetry
Our choice for the initial conditions of the RG flow equations explicitly breaks the U A (1) symmetry since we only choose the coupling λ (σ-π) to be finite and set all the other four-quark couplings to zero at the initial RG scale Λ. By using the sum rules (17) and (18), we can now study the fate of the (broken) U A (1) symmetry at finite temperature and quark chemical potential when quantum fluctuations are taken into account. To be specific, in case of U A (1)-violating initial conditions, we consider the following two dimensionless quantities to "measure" the strength of the explicit U A (1) symmetry breaking:
The normalization N is chosen to be independent of the index i and is implicitly determined by
Thus, the auxiliary quantities defined in Eq. (33) essentially measure the strength of U A (1) symmetry breaking relative to its strength at the initial RG scale Λ. In case of a U A (1)-symmetric theory defined by a suitable choice for the initial conditions, we find that the couplings fulfill the sum rules (17) and (18) at all scales k greater than the symmetry breaking scale, as it should be. Therefore, there is no need at all to consider the auxiliary quantities defined in Eq. (33) in such a scenario.
In Fig. 5 , we show the scale dependence of R 1 and R 2 for two values of the quark chemical potential, µ = 0 and µ/k 0 ≈ 1.1, and three values of the temperature for each of the two cases as obtained for our U A (1)-violating initial conditions. Let us first note that, for all values of µ considered in this work, we observe that U A (1) breaking as "measured" by our sum rules in form of R 1 and R 2 is continuously softened when the temperature is increased. More specifically, at µ = 0, for example, we already find that the strength of U A (1) breaking remains on the level of its strength at the initial scale Λ for temperatures T /T c 2, i.e. its strength remains on the level as present in the classical action in this temperature regime. A qualitatively similar behavior can also be observed at finite chemical potential when the temperature is increased, see Fig. 5 . Indeed, the strength of U A (1) symmetry breaking is controlled by the strength of the four-quark couplings. Quantum corrections to the latter are thermally suppressed at high temperature due to the presence of a thermal mass of the fermions. This explains our observations at high temperature.
Conversely, approaching the phase transition from above for a given value of the chemical potential µ, we find that the violation of the U A (1) symmetry becomes continuously stronger, in the sense that the functions R 1 and R 2 start to increase, eventually deviating significantly from their values at the initial RG scale. Thus, quantum corrections to the four-quark couplings appear to amplify U A (1) symmetry breaking when the phase governed by spontaneous symmetry breaking is approached from above, provided that U A (1) symmetry breaking is explicitly broken at the initial RG scale.
In accordance with our observation that the scalarpseudoscalar channel is most dominant at small chemical potential (see, e.g., left panel of Fig. 4) , we also note that R 2 R 1 in this part of the phase diagram, see left panel of Fig. 5 . For µ µ χ , the CSC channel then dominates the dynamics and thus R 1 and R 2 are of the same order of magnitude as both depend on the CSC coupling, see the right panels of Figs. 4 and 5. Thus, our results suggest that the dynamically generated violation of the U A (1) symmetry is driven by the dynamics of the pions at small chemical potential whereas it is driven by the dynamics of diquark degrees of freedom associated with the CSC channel at large chemical potential.
Let us finally compare the phase diagram obtained from our Fierz-complete study employing U A (1)-symmetry violating initial conditions with the one obtained from a manifestly U A (1)-symmetric Fierzcomplete study. The latter has been calculated by tuning the couplingsλ (σ-π) andλ (S+P )− at the initial RG scale such that the sum rule (18) is fulfilled and the same value for the symmetry scale k 0 as in the case with U A (1)-symmetry violating initial conditions is obtained in the vacuum limit. If we choose the initial conditions in this way, i.e. such that they respect the U A (1) symmetry, then this symmetry remains intact in the RG flow for all values of the RG scale, at least for those values of the temperature and the quark chemical potential for which the four-quark couplings remain finite on all scales k ≤ Λ. For values of the temperature and the quark chemical potential at which the four-quark couplings diverge at a finite scale k cr (T, µ), the sum rules (17) and (18) are only fulfilled for k > k cr (T, µ). Below the symmetry breaking scale, the U A (1) symmetry may potentially be broken spontaneously, e.g. alongside with the chiral symmetry. However, this cannot be resolved in our present study.
As already discussed above, a quantitative comparison of the results from our U A (1)-symmetric calculation with the ones from our explicitly U A (1)-violating calculation is generically difficult and has to be taken with some care. Leaving this concern aside for a moment, we observe that the phase transition lines from both studies agree almost identically on the scale of the plot. Only for larger values of the quark chemical potential, we find that the two phase transition lines start to deviate from each other. In particular, we observe that, along the phase transition line, a chemical potential µ χ /k 0 associated with a change in the hierarchy of the four-quark couplings exists in both cases. Even the corresponding values of µ χ /k 0 agree almost identically. Even more, for µ < µ χ , we find that the scalar-pseudoscalar channel dominates the dynamics of the theory in both cases, see solid lines in Fig. 6 . For µ > µ χ , the dynamics is then dominated by the CSC channel in case of U A (1)-symmetry violating initial conditions, see blue dashed line in Fig. 6 . In case of our U A (1)-symmetric study, however, we have a dominance of the (V + A) adj -channel in this regime as depicted by the red dashed-dotted line in Fig. 6 ; see Eq. (11) for the definition of this channel. The condensate associated with this channel also breaks the color symmetry of our theory.
13
In mean-field studies (see, e.g., Ref. [4] for a review), the appearance of a corresponding condensate has also been discussed. However, its generation has been found to be induced by a simultaneous formation of a colorsymmetry breaking diquark condensate. In accordance with this, we observe that the four most dominant channels along the phase transition line for µ > µ χ are the (V + A) adj -, (S + P ) adj − -, CSC-and (V − A) adj ⊥ -channel in our present study. These channels are all associated with the formation of a color-symmetry breaking condensate. Apart from the (V ± A) -channels, color-singlet channels are found to be subdominant in this part of the phase diagram. The observed difference in the dominance pattern at large chemical potential in the U A (1)-symmetric and U A (1)-violating calculation may point to the importance of explicit U A (1) breaking for the formation of the conventional CSC ground state at intermediate and large values of the chemical potential as discussed in early seminal works on color superconductivity, see, e.g., Refs. [23, 24, 46, 47] .
By simply looking at the shape of the phase boundary, one may be tempted to conclude that U A (1) breaking does not strongly affect the position of the phase transition line. However, this may be a too bold statement at this point as the same value of k 0 in the two studies potentially corresponds to different values of the low-energy observables and therefore renders a direct quantitative comparison difficult, see our discussion above. In any case, the apparent insensitivity of the phase transition line under a "transition" from U A (1)-symmetry violating initial conditions to U A (1)-symmetric initial conditions (while keeping the vacuum symmetry breaking scale fixed) is still an interesting observation. At least at small values of the chemical potential, the latter can in principle be understood from an analysis of the large-N c limit which we shall consider next.
D. Large-Nc limit
In order to better understand the phase structure at small chemical potential, we now analyze our RG flow equations in the large-N c limit, i.e. we only take into account the leading order of the right-hand sides of our flow equations in an expansion in powers of N c . For the scalar-pseudoscalar coupling, for example, we then obtain
For the remaining nine four-quark couplings, we find that the right-hand sides of their flow equations do not contain terms quadratic in the scalar-pseudoscalar coupling λ (σ-π) but at most terms linear in λ (σ-π) in the large-N c limit. At first glance, this may not appear noteworthy. However, by setting all four-quark couplings but the scalar-pseudoscalar coupling to zero on the righthand sides of the flow equations, we therefore observe that only the right-hand side of the flow equation of the scalar-pseudoscalar coupling remains finite. Indeed, from Eq. (35), we deduce that
Note that this flow equation is identical to Eq. (28) in the large-N c limit.
The right-hand sides of the flow equations of the remaining nine couplings are identical to zero when we set all four-quark couplings but the scalar-pseudoscalar coupling to zero in the large-N c limit. Thus, we have found a non-trivial fixed point of the RG flow at
which "sits" on the pure scalar-pseudoscalar axis of our ten-dimensional space spanned by the four-quark couplings. Here, we have j ∈ B but j = (σ-π) and B denotes the set of indices associated with our Fierz-complete basis of four-quark interactions. The fixed point (37) has only one IR repulsive direction, namely the one associated with the scalarpseudoscalar axis. The remaining nine directions are all IR attractive. This observation already suggests that the scalar-pseudoscalar channel dominates the lowenergy dynamics, provided that we initiate the RG flow sufficiently close to this fixed point. 14 We add that, the dynamics of our Fierz-complete system is governed by 2 10 = 1024 fixed points. Depending on the temperature and the quark chemical potential, some of these fixed points appear in complex-conjugated pairs as we shall discuss in Subsec. IV E.
We emphasize that, for any finite value of N c , we do not find an interacting fixed point on the pure scalarpseudoscalar axis. 15 In fact, not only the flow equation of the scalar-pseudoscalar coupling contains terms proportional to the square of the scalar-pseudoscalar coupling but they also appear in the flow equations of other four-quark couplings. These terms now dynamically generate interactions in channels other than the scalar-pseudoscalar channel, pushing the fixed point (37) away from the scalar-pseudoscalar axis. We add that the very same behavior has also been observed in the vacuum limit of the U A (1)-symmetric NJL model in the large-N c limit [7] and the three-dimensional Thirring model in the large-N f limit [48] .
The existence of the fixed point (37) and its properties provides us with an explanation of the phase structure at small quark chemical potential. First of all, from the standpoint of model studies, the existence of this fixed point in the large-N c limit implies that the system always remains on the scalar-pseudoscalar axis, provided that we only choose a finite initial value for the scalar-pseudoscalar coupling and set all the other couplings to zero. Thus, the other channels do not contribute at all. Given the scale-fixing procedure underlying our calculations, it then follows that the phase boundary found in the scalar-pseudoscalar one-channel approximation agrees identically with the one from the Fierz-complete study in the large-N c limit.
16
Beyond the large-N c limit, the fixed point (37) is pushed away from the scalar-pseudoscalar axis and now all four-quark interactions are generated dynamically even if only the scalar-pseudoscalar coupling is chosen to be finite at the initial RG scale, see, e.g., Fig. 3 and also our discussion in Subsec. IV E below. However, the observed agreement of the results for the phase boundary from the one-channel and the Fierz-complete study suggests that this fixed point still controls the dynamics of the theory at small quark chemical potential, see Fig. 2 . Even non-universal quantities such as the curvature of the phase boundary at µ = 0 appear to be independent of the inclusion of the dynamics described by the channels other than the scalar-pseudoscalar channel. Only for large values of the quark chemical potential, µ > µ χ , the influence of the other channels becomes significant. Recall that, in the mean-field approximation, µ χ is of the order of the vacuum constituent quark mass.
A word of caution needs to be added to this intriguing observation: If we choose initial conditions such that not only the scalar-pseudoscalar coupling is finite at the initial RG scale but also other four-quark couplings, then the RG flow may be potentially controlled by a different interacting fixed point, even at small chemical potential. As a consequence, the phase boundary in this regime may become more sensitive to the dynamics described by the full set of four-quark interactions. For example, one may choose a U A (1)-symmetric starting point of the RG flow by tuning the couplingsλ (σ-π) andλ (S+P )− such that the sum rule (18) is fulfilled. However, even in this case, we observe that, at small µ, the phase boundary obtained from a Fierz-complete U A (1)-symmetric study agrees very well with the one from our one-channel approximation as well as with the one from our Fierzcomplete study taking U A (1)-symmetry breaking into account, see, e.g., Fig. 6 .
E. Symmetry breaking mechanisms
Let us finally analyze the mechanisms underlying the phase structure at large chemical potential where corrections beyond the large-N c approximation become important. Looking at the modulus of the four-quark couplings depicted in Fig. 4 , we observe that the scalarpseudoscalar coupling and the CSC coupling are the two most dominant couplings in the range of quark chemical potentials studied in this work, at least close to and above the phase transition line. For an analysis of the symmetry breaking mechanisms, it therefore appears reasonable to consider an approximation which only includes the scalar-pseudoscalar coupling and the CSC coupling. The remaining eight couplings and their flows are set to zero. The flow equations of such a two-channel approximation then read
The initial conditions are chosen as in our Fierz-complete study, i.e. we set the CSC coupling to zero at the initial RG scale and only tune the scalar-pseudoscalar coupling such that the value for the symmetry breaking scale in the vacuum limit is identical to its value in the Fierzcomplete study, k 0 = k cr (T = 0, µ = 0), which, in turn, is identical to the value of the critical scale in our mean-field approximation. From the set of the two flow equations (38) and (39), we immediately deduce that the CSC coupling is dynamically generated in the RG flow although we set it to zero at the initial RG scale. An asset of our two-channel approximation is that it allows for a comparatively simple but still detailed analysis of the RG flow of our system and its fixed-point structure. Of course, such an analysis is also possible for more than two couplings but it then clearly becomes more involved. In any case, in our two-channel approximation, we have four fixed points F j = (λ * (σ-π),j , λ * csc,j ) in total. At T = 0, µ = 0 and N c = 3, their coordinates are
where F 1 is the N c -independent Gaußian fixed-point with two IR attractive directions. Apparently, F 3 and F 4 form a pair of complex conjugate fixed points. The coordinates of the non-Gaußian fixed points up to order 1/N 2 c in a large N c -expansion read
These expansions have been extracted from the full analytic N c -dependent expressions for the coordinates of the fixed points. We observe that the suitably N c -rescaled fixed point N c · F 2 is shifted onto the scalar-pseudoscalar axis for N c → ∞. Moreover, we find that this fixed point has one IR repulsive and one IR attractive direction. Thus, this fixed point corresponds to the fixed point (37) in the full Fierz-complete set of RG flow equations.
In the following, we shall not consider the large-N c limit any further. In order to have spontaneous symmetry breaking in the IR limit, we then choose the initial condition of the scalar-pseudoscalar coupling to be greater than λ * (σ-π),2 but still set the initial value of the CSC coupling to zero, see our discussion above. As a consequence, we also find for this two-channel approximation that the low-energy dynamics is dominated by the scalarpseudoscalar channel. The RG flow of this two-channel approximation is depicted in Fig. 7 .
Next, let us discuss symmetry restoration at finite temperature and quark chemical potential with the aid of our two-channel approximation. The fixed points now become pseudo fixed-points due to the presence of a dimensionful external parameter, namely the temperature.
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As a consequence, the position of the non-Gaußian fixed 17 The same holds true in case of a finite chemical potential. points is shifted as a function of the dimensionless temperature T /k and therefore also the positions of the separatrices connecting the fixed points are shifted. This is illustrated in Fig. 8 for the RG flow in the plane spanned by the scalar-pseudoscalar and the CSC coupling at T /k = 0.4 and µ = 0. While the fixed points F 3 and F 4 remain complex-valued when T /k is increased, the behavior of the real-valued (pseudo) non-Gaußian fixed-point suggests that, for initial conditions chosen to be fixed in the domain D 1 (see, e.g., pink dot in Fig. 8 ), a critical temperature T cr exists above which the fourquark couplings do not diverge anymore at a finite RG scale k cr but remain finite on all scales and approach zero in the IR limit, k → 0. In other words, there is no (spontaneous) symmetry breaking above the critical temperature. At least at high temperature, such a behavior is indeed expected since the quarks become effectively stiff degrees of freedom due to their thermal Matsubara mass ∼ T . This mechanism has already been discussed in detail in Refs. [7, 9] and underlies symmetry restoration when the temperature is increased. Before we continue with a discussion of the mechanisms underlying symmetry breaking at zero temperature and finite quark chemical potential, we would like to comment on the curvature of the finite-temperature phase boundary at small µ. We observe that the curvature extracted from our two-channel approximation agrees almost identically with the curvatures found in the one-channel approximation as well as in the Fierzcomplete study. The agreement of the latter two can be understood in terms of the fixed-point structure as discussed above. Of course, the agreement of the curvatures obtained from the two-channel approximation and the Fierz-complete study can also be understood from their fixed-point structure. However, we would like to recall that the flow equations of the two-channel approximation suffer from the Fierz ambiguity. Our two-channel approximation has been extracted from the Fierz-complete set of equations by only taking into account the scalarpseudoscalar coupling and the CSC coupling. The remaining eight couplings and their flows have been set to zero. This is well justified for the purpose of analyzing the mechanisms underlying the structure of the phase diagram found in the Fierz-complete study. In practice, however, the flow equations for a two-channel approximation are not obtained from the full Fierz-complete set but by rather only taking into account the scalarpseudoscalar channel and the CSC channel in our ansatz for the effective action (6) . Owing to the freedom of performing Fierz transformations, the set of flow equations for these two couplings resulting from such a Fierzincomplete ansatz will differ from the one used in our present analysis. For example, terms associated with a Feynman diagram of the type depicted in the right panel of Fig. 1 may be found to contribute to the flow of the scalar-pseudoscalar coupling. As we have seen in our discussion of the large-N c limit, such contributions are parametrically suppressed by factors of 1/N c compared to those associated with Feynman diagrams of the type shown in the left panel of Fig. 1 . Thus, these contributions drop out for N c → ∞. For finite N c , however, they may still alter the curvature significantly, see Ref. [9] . Let us now turn to the discussion of the dense regime of the phase diagram. At zero temperature, we do not observe symmetry restoration in our Fierz-complete study when the quark chemical potential is increased, see Fig. 2 . As can also be seen in Fig. 2 , the same behavior is found in our present two-channel approximation. Even though we do not observe symmetry restoration at zero temperature when the chemical potential µ is increased, we find that the "hierarchy" of the channels changes as a function of µ, i.e. the CSC channel becomes the most dominant channel for sufficiently large values of the chemical potential, µ µ χ . Note that a dominance of the CSC channel is associated with a divergence of the RG flow into the direction defined by the CSC coupling. Given our choice for the initial condition (see the pink dot in Figs. 7, 8 and 9), such a dominance is not immediately apparent. In fact, even if we chose the initial condition to be located in the domain D 2 , we would still observe a dominance of the scalar-pseudoscalar channel at low energies. Thus, a dominance of the CSC channel is prohibited by the vacuum fixed point structure. This can be traced back to the fact that the fixed point F 2 has one IR attractive and one IR repulsive direction. 18 Increasing the quark chemical potential starting from the vacuum limit, we find that the fixed point structure together with the position of the separatrices remain unchanged up to a "critical value" (µ/k) 0 of the dimensionless chemical potential. 19 At µ/k = (µ/k) 0 , we then observe that two new real-valued fixed points emerge in the plane spanned by the scalar-pseudoscalar coupling and the CSC coupling, which "sit" on top of each other, see top right panel of Fig. 9 . These two "new" fixed points are nothing but the fixed points F 3 and F 4 which become real-valued at µ/k = (µ/k) 0 . As a consequence of this "creation" of two real-valued fixed points, new separatrices emerge in the plane spanned by the two four-quark couplings which divide the parameter space into five domains D i , see, e.g., top right panel of Fig. 9 . Still, an RG trajectory associated with a dominance of the CSC coupling cannot be established for initial conditions located in the domain D 1 . Increasing µ/k further, the two new real-valued non-Gaußian (pseudo) fixed points are 18 Recall that the fixed point F 2 corresponds to the fixed point (37) in the Fierz-complete study. 19 We observe slight changes of the fixed point structure and the associated positions of the separatrices for µ/k (µ/k) 0 which arise due to a mild violation of the Silver-Blaze property by our covariant regularization scheme, see Ref. [9] for a detailed discussion of this aspect.
shifted in different directions as indicated by the blue arrows in the bottom left panel of Fig. 9 . One of these two fixed points has one attractive and one repulsive direction and is shifted towards the Gaußian fixed point. The other one is shifted towards the fixed point F 2 . At sufficiently large µ/k > (µ/k) 0 , the latter two then annihilate each other in the sense that they become complexvalued fixed points. This annihilation also removes the separatrix separating the domains D 1 and D 2 . As a consequence, any initial condition of the RG flow located in the domain D 1 now yields an RG trajectory eventually pointing into the direction associated with the CSC coupling with the two couplings diverging at a finite critical scale k cr . In other words, for sufficiently large µ/k, the low-energy physics is potentially dominated by the dynamics associated with the CSC channel. 20 The remaining real-valued fixed point at large µ/k is eventually shifted towards the Gaußian fixed point for µ/k → ∞. As has been shown in Ref. [9] , the merging of the latter two fixed points is associated with the Cooper instability. Indeed, this behavior leaves its imprint in the µ-dependence of the symmetry breaking scale, exhibiting the typical BCS-type exponential scaling behavior.
V. CONCLUSIONS
In this work we have used RG flow equations of fourquark couplings to analyze the phase structure of an NJLtype model with two quark flavors coming in N c colors at leading order of the derivative expansion of the effective action. With our study, we aimed at an understanding on how Fierz-incomplete approximations affect the predictive power of this class of models which still underlies to a large extent our understanding of the dynamics of QCD at high density. Our present leading-order approximation of the effective action already includes corrections beyond the often employed mean-field approximation. Note that such corrections are ultimately required to preserve the invariance of the results under Fierz transformations [44] .
Our results suggest that Fierz-incompleteness strongly affects the phase structure. For example, the phase transition temperature at large chemical potential almost increases by a factor of two compared to a study which only includes the conventional scalar-pseudoscalar interaction channel together with a channel associated with the formation of a colorsuperconducting ground state. Although we do not have direct access to the gap within our present study, the observed shift of the phase boundary may suggest that the use of Fierz-incomplete approximations also affects the magnitude of the gap in the high-density regime. This is in accord with mean-field studies of this regime (see, e.g., Refs. [3] [4] [5] [6] for reviews). However, we rush to add that the strength of the effect is expected to depend on the details of the chosen basis of four-quark interactions and the actual choice for the initial conditions of the RG flow equations, i.e. the choice for the parameters appearing in the classical action.
Despite the fact that our present study relies on a Fierz-complete approximation, it is clear that our results are mostly qualitative. In fact, our present study based on the analysis of RG flow equations of four-quark interactions at leading order of the derivative expansion is limited with respect to a determination of the properties of the actual ground state in the phase governed by spontaneous symmetry breaking. In order to gain at least some insight into the structure of the ground state, we have analyzed the "hierarchy" of the four-quark interactions (in terms of their strength) as a function of the temperature and the quark chemical potential, following the analysis in Ref. [9] . A dominance of a given channel may then be considered as an indication for the formation of a corresponding condensate. Of course, such an analysis has to be taken with some care as a dominance of a given channel may not necessarily entail condensation in this channel. Moreover, more than one condensate may be formed, e.g., at large chemical potential. Still, it allows us to gain some insight into the dynamics underlying the phase structure. Interestingly, in our present Fierz-complete study, we observe that the dynamics close to the phase boundary at small quark chemical potential is clearly dominated by the scalar-pseudoscalar interaction channel whereas the channel associated with the formation of the most conventional color superconducting condensate dominates the dynamics at large chemical potential. In the latter regime, the scalar-pseudoscalar channel is found to be only subdominant. Even more, the channels associated with the formation of color-symmetry breaking condensates are most dominant in this regime.
In order to understand better the dynamics underlying the phase structure, we have analyzed our Fierz-complete study in several ways. For example, we have monitored the strength of U A (1) symmetry breaking and even studied a U A (1)-symmetric variation of our model which indicated that the "hierarchy" of the channels changes at large chemical potential in this case. Moreover, we considered our flow equation in the large-N c limit which revealed the existence of a fixed point which controls the dynamics at least for small values of the chemical potential, provided the initial conditions have been chosen to be located in a specific domain in the space spanned by our set of four-quark couplings. At large chemical potential, the leading order of the large-N c expansion cannot be used to explain the phase structure since channels subleading in this expansion become important. With the aid of a suitably chosen two-channel approximation, however, we have found that the phase structure and the dominance of the color superconducting channel at large chemical potential is a consequence of an intriguing creation and annihilation of pairs of (pseudo) fixed points.
Finally, we emphasize again that, at the present order of the derivative expansion, our analysis is still qualitative regarding the determination of the actual properties of the ground state. In order to unambiguously determine the ground state properties, a calculation of the full at least ten-dimensional order-parameter potential would in principle be required, representing an ambitious continuation of, e.g., recent beyond-mean field calculations of the order-parameter potential with a scalar-pseudoscalar and a diquark channel [29, 49] as well as with a scalarpseudoscalar and a vector channel [50] . Nevertheless, our present analysis already provides new insights into the phase structure and the ground-state properties of NJLtype models at finite temperature and density, and may therefore also be helpful for future studies of bulk quantities, such as the equation of state at high density.
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Here, Γ
(1,1) k denotes the second functional derivative of the (scale-dependent) quantum effective action Γ k with respect to the fermion fields summarized in the field vector Φ T (q) = ψ T (q),ψ(−q) . For an explicit calculation of RG flow equations, we have to specify the regulator function R ψ k which encodes the regularization scheme. In this work, we have employed a four-dimensional so-called Fermi-surface-adapted regulator function as introduced in Ref. [9] : R ψ k = −(p / + iγ 0 µ) r ψ . Here, the regulator shape function r ψ is defined as
whereω ± = ω ± /k and ω For an introduction to the derivation of RG flow equations of four-fermion interactions, we refer the reader to Ref. [7] . A general expression for the flow equations of pointlike four-fermion interactions of a general class of relativistic fermionic theories with a continuous chiral U L (N f ) ⊗ U R (N f ) symmetry in a Fierzcomplete setting can be found in Ref. [52] . For the derivation of the flow equations of our present model with a SU (N c )⊗SU L (2)⊗SU R (2)⊗U V (1) symmetry, we have made use of existing software packages [53, 54] . In the following, we list the set of flow equations underlying our Fierz-complete study for general N c and N f = 2:
∂ t λ (σ-π) = 2λ (σ-π) + 64v 4 
